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1. INTRODUCTION
Rank-one groups are torsion-free abelian groups isomorphic to some ad-
ditive subgroup of the group of rational numbers. These groups have been
classied by the so-called types that have a workable description. Completely
decomposable groups are direct sums of rank-one groups and have been
classied up to isomorphism. Almost completely decomposable groups are -
nite essential extensions of completely decomposable groups of nite rank.
These groups have been studied extensively during the past 15 years and
although much is known about them, it is a class of groups for which a com-
plete understanding is beyond reach. In this paper we initiate the study of
essential extensions of completely decomposable groups of arbitrary rank
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by bounded groups, called bcd-groups. It turns out that there are drastic
differences between almost completely decomposable groups and the more
general class of bcd-groups. In the theory of almost completely decompos-
able groups the so-called regulating subgroups play a central role. These
are the subgroups of least index among the completely decomposable sub-
groups of an almost completely decomposable group. It is intuitively clear
that these groups should be useful, but their real importance derives from
a totally different way in which they arise. For a type τ considered as a ra-
tional group, the subgroups Gτ = Pτφ x φ ∈ Homτ;G and Gτ =TKerψ x ψ ∈ HomG; τ are pure in G and are called respectively the
τ-socle and the τ-radical of G. Further type subgroups are dened by
G∗σ = Pρ>σ Gρ, G]σ = G∗σG∗ , and G]σ = Tρ<σ Gρ. Let X
be an almost completely decomposable group and τ a type. Then there ex-
ist Butler decompositions Xτ = Bτ ⊕X]τ where Bτ is τ-homogeneous
completely decomposable and Xτ, X]τ are the usual (pure) τ-socles. A
type τ is called critical for X if Xτ 6= X]τ. The symbol TcrX denotes
the set of all critical types of X. Lady [2] showed that the sum
P
τ Bτ is
direct, that B =Lρ∈TcrX Bρ is regulating in X, and that every regulating
subgroup arises in this manner.
Dual to the τ-socles are the τ-radicals Xτ and X]τ. Almost com-
pletely decomposable groups have co-Butler decompositions X/Xτ =
X]τ/Xτ ⊕ Hτ/Xτ where Hτ is a suitable subgroup of X and
X]τ/Xτ is τ-homogeneous completely decomposable. Radicals and
co-Butler decompositions played a minor role in the theory of almost com-
pletely decomposable groups by comparison with the socles and Butler
decompositions. In particular, there is no theory of co-regulating sub-
groups that adds substantially to the understanding of almost completely
decomposable groups.
On the positive side, we can show that bcd-groups have Butler-decom-
positions and co-Butler decompositions and therefore regulating subgroups
that are shown to be completely decomposable. But in contrast to the acd-
groups in which the regulating subgroups are the completely decomposable
subgroups of minimal index, the regulating subgroups of bcd-groups are
not the large completely decomposable subgroups. In fact, the quotient of a
bcd-group modulo a regulating subgroup need not be torsion, and in some
groups the intersection of all regulating subgroups is the zero subgroup.
Bcd-groups with linearly ordered critical typeset need not be completely
decomposable, in contrast to the nite rank case, but they always have
nontrivial completely decomposable direct summands. The distinguished
role that is due the regulating subgroups of bcd-groups remains a mystery
although we can demonstrate a topological role in some cases.
We use the letters A, B, C for completely decomposable groups and X,
Y , Z for bcd-groups. More specically, X is an e-bcd-group if there is a
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completely decomposable subgroup A of X such that eX ⊆ A. If A is a
subgroup of X such that X/A is bounded, then the exponent expX/A is
the least integer e such that eX/A = 0. Accessible examples (see Sec-
tion 5) of bcd-groups are certain members of the class ⊕ACD of all direct
sums of almost completely decomposable groups.
Generally, our notation is standard. Yet we mention that HG∗ denotes
the pure hull of the subgroup H of G in G. The maximal torsion subgroup
of G is denoted by torG. A rational group is a subgroup of the additive
group  of rational numbers containing .
2. BASICS
The complete distributive lattice of types contains 2ℵ0 elements. While
this limits the possibilities, subposets can be complicated. In the subse-
quent developments the reader should keep in mind the following two ex-
treme possibilities. The rst is a linearly ordered set of idempotent types
that is orderisomorphic with the reals .
Example 2.1. Let pr x r ∈  be a listing of all primes. Dene for all
s ∈  the type τs = p−1r x r ∈ ; r ≤ s. Then τs ≤ τt if and only if s ≤ t.
Hence τs x s ∈  is a chain of types of cardinality 2ℵ0 .
The second example is a set of 2ℵ0 pairwise incomparable idempotent
types. It is well known that a countable set contains a family of 2ℵ0 innite
subsets that are almost disjoint, i.e., their symmetric difference is nite.
Example 2.2. Let F be a family of 2ℵ0 innite subsets of  that are
almost disjoint. For each F ∈ F , let τF = p−1 x p ∈ F. Then τF x F ∈
F  is a family of 2ℵ0 pairwise incomparable types.
By writing the set of all primes  as a countable disjoint union of count-
able subsets, rather diverse posets can be realized as posets of types.
In the early theory of almost completely decomposable groups it was
often assumed that the critical typeset was an antichain. Bcd-groups with
pairwise incomparable critical types are not specically addressed in this
paper.
We recall next the denitions and a number of properties of the socalled
type subgroups that can be found in [4].
For a type τ considered as a rational group, the subgroups Gτ =Pτφ x φ ∈ Homτ;G and Gτ = TKerψ x ψ ∈ HomG; τ are pure
in G and are called respectively the τ-socle and the τ-radical of G. If H is
pure in G, then Hτ = H ∩Gτ. Additional type subgroups are dened
by G∗σ =Pρ>σ Gρ, G]σ = G∗σG∗ , and G]σ = Tρ<σ Gρ.
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Lemma 2.1. Let G be a torsion-free group and σ; τ be types. Then the
following hold.
1. Gσ ⊃ G]σ ⊃ G∗σ and Gσ ⊆ G]σ.
2. If φ ∈ HomG;H, then G∗σφ ⊆ H∗σ, G]σφ ⊆ H]σ,
Gσφ ⊂ Hσ; and G]σφ ⊆ H]σ, i.e., all type subgroups are functorial
subgroups.
3. If G = G1 ⊕G2, then
Gτ = G1τ ⊕G2τ; G]τ = G]1τ ⊕G]2τ;
Gτ = G1τ ⊕G2τ; G]τ = G]1τ ⊕G]2τ:
The type subgroups of quasiequal groups are closely related.
Lemma 2.2. Suppose eG ≤ H ≤ G for some positive integer e. Then
H ∩Gτ = Hτ, Gτ = HτG∗ , H ∩Gτ = Hτ, Gτ = HτG∗ ,
H ∩ G]τ = H]τ, G]τ = H]τG∗ , H ∩ G]τ = H]τ, G]τ =
H]τG∗ , and rkGτ/G]τ = rkHτ/H]τ and rkG]τ/Gτ =
rkH]τ/Hτ.
Lemma 2.3. Let G be a torsion-free group and σ; τ be types.
1. If σ ≤ τ, then Gσ ⊃ Gτ and Gσ ⊃ Gτ.
2. Gσ ∨ τ = Gστ = Gσ ∩ Gτ and Gσ ∨ τ ⊆ Gσ ∩
Gτ.
3. Gσ ∧ τ ⊃ Gσ +Gτ and Gσ ∧ τ ⊃ Gσ +Gτ.
4.
στ =

σ if σ ≥ τ
0 if σ 6≥ τ στ =

σ if σ 6≤ τ
0 if σ ≤ τ:
For a completely decomposable group A =Lρ∈TcrAAρ and bcd-group
X containing A as a subgroup with bounded quotient, we have explicitly
Aτ =MAρ x ρ ≥ τ; Xτ = AτX∗ ;
A]τ =MAρ x ρ > τ; X]τ = A]τX∗ ;
Aτ =MAρ x ρ 6≤ τ; Xτ = AτX∗ ;
A]τ =MAρ x ρ 6< τ; X]τ = A]τX∗ :
Note that consequently
Xτ/X]τ ∼= Aτ ∼= X]τ/Xτ; X]τ = Xτ ∩Xτ:
We will also need the following technicality [4, Lemma 11.5.1].
Lemma 2.4. Let σ be a rational group and let A = σv and β ∈ . If
gcdAβ; v = 1, then σβv + v = σv.
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Denition 2.1. Let T be a partially ordered set.
1. A subposet S of T is a subset of T with the inherited order. The
subposet is full if it has the property that s; s′ ∈ S and s ≤ t ≤ s′ in T
implies that t ∈ S.
2. A poset T fullls the minimum condition if every nonvoid subset
contains a minimal element. The minimum condition is equivalent with
the descending chain condition (DCC) that says that T contains no innite
descending chain τ0 > τ1 > · · · .
3. A poset T fullls the maximum condition if every nonvoid subset
contains a maximal element. The maximum condition is equivalent with the
ascending chain condition (ACC) that says that T contains no innite chain
τ0 < τ1 < · · · .
4. The depth dpτ of an element τ ∈ T is one less than the cardinal-
ity of the longest ascending chain in T beginning with τ if there are longest
chains of this kind, otherwise dpτ = ∞.
A poset T satisfying the maximum condition provides for a general in-
duction principle as follows. To prove that a statement pτ, τ ∈ T , is valid
for all τ, it sufces to show that
1. pτ holds for maximal elements τ in T ,
2. if pσ holds for all σ > τ, then pτ holds.
The principle is easily established by showing that the set of elements τ
for which pτ fails is empty.
A decomposition Gτ = Bτ ⊕G]τ with Bτ τ-homogeneous completely
decomposable is called a τ-Butler decomposition and the τ-homogeneous
completely decomposable summand Bτ is a τ-Butler complement of G. A
group G has Butler decompositions if G has a Butler decomposition for
each type τ. A type τ is a critical type of G if Gτ/G]τ 6= 0. The symbol
TcrG denotes the set of all critical types, TstG denotes the typeset of
G. If X is a bcd-group, then TstX is the meet closure of TcrX. If G
has Butler decompositions and Bτ is a Butler complement for each critical
type of G, then B = Pρ∈TcrG Bρ is a regulating subgroup of G. The set of
all regulating subgroups of G is denoted by ReggG. A decomposition of
the form
G
Gτ =
G]τ
Gτ ⊕
Hτ
Gτ
with G]τ/Gτ τ-homogeneous completely decomposable is called a co-
Butler decomposition of G.
Lemma 2.5. (1) A torsion-free group G has a τ-Butler decomposition if
and only if Gτ/G]τ is τ-homogeneous completely decomposable.
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(2) A direct summand of a group with Butler decompositions has Butler
decompositions.
(3) Direct sums of groups with Butler decompositions have Butler de-
compositions.
Proof. (1) The claim is an immediate consequence of the Baer Lemma
[4, Lemma 2.4.12].
(2) Let G be a group with Butler decompositions and suppose that
G = H ⊕ K. Then Gτ = Hτ ⊕ Kτ and G]τ = H]τ ⊕ K]τ.
Hence
Gτ
G]τ
∼= Hτ
H]τ ⊕
Kτ
K]τ :
Since Gτ/G]τ is τ-homogeneous and completely decomposable, so are
Hτ/H]τ and Kτ/K]τ. The Butler decomposition of H (and of K)
is now a consequence of 1.
(3) Let X =Li∈I Xi where each Xi has Butler decompositions. Then
Xτ =Li∈I Xiτ and X]τ =Li∈I X]i τ. Write Xiτ = Ai;τ ⊕X]i τ.
Then clearly Aτ =
L
i∈I Ai;τ is a τ-Butler complement of X.
The next lemma says that being regulating is a transitive property.
Lemma 2.6. Let G be a torsion-free group. If B is a regulating subgroup
of G and C is a regulating subgroup of B, then C is a regulating subgroup
of G.
Proof. We have by hypothesis that B =Pρ∈TcrB Bρ where Gτ = Bτ ⊕
G]τ and that C = Pρ∈TcrC Cρ where Bτ = Cτ ⊕ B]τ. It is true for
any subgroup B that B]τ ⊆ G]τ. Hence Cτ +G]τ = Bτ +G]τ =
Bτ ⊕G]τ and Cτ ∩G]τ ⊆ Cτ ∩ B]τ ∩G]τ = 0.
Co-Butler decompositions are much more difcult to come by.
The proofs of the following basic observations are as in the nite rank
case (see [4, Lemma 4.2.6]) and are left to the reader.
Lemma 2.7. Let X be an e-bcd-group and A a regulating subgroup of X.
Then the following hold.
1. For all τ ∈ TstX the quotient X]τ/X∗τ is bounded by e.
2. Xτ is an e-bcd-group with Aτ as a regulating subgroup.
3. X]τ and X∗τ are e-bcd-groups with A]τ = A∗τ as a regu-
lating subgroup.
4. If B is a regulating subgroup of Xτ, X∗τ, or X]τ, then there
exists a regulating subgroup A of X such that Aτ = B, A∗τ = B, or
A]τ = B respectively.
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5. TcrXτ = σ ∈ TcrX x σ ≥ τ and TcrX∗τ = TcrX]τ
= σ ∈ TcrX x σ > τ.
6. Let S be any subset of TcrX, let XS =
P
σ∈S Xσ and AS =P
σ∈S Aσ. Then XS is an e-bcd-group and AS is a regulating subgroup
of X.
3. BUTLER AND CO-BUTLER DECOMPOSITIONS OF
BCD-GROUPS
Lemma 3.1. Every bcd-group has Butler decompositions.
Proof. Let A be a completely decomposable subgroup of X and e a pos-
itive integer such that eX ⊆ A. By [5, Lemma 2.1] we know that TstX =
TstA and TcrX = TcrA. Moreover, A ∩Xτ = Aτ, A ∩X]τ =
A]τ for all types τ and Xτ/X]τ is τ-homogeneous and completely
decomposable if and only if Aτ/A]τ is τ-homogeneous and completely
decomposable. But the last quotient is always τ-homogeneous and com-
pletely decomposable since A is completely decomposable, hence the But-
ler decomposition follows by Lemma 2.5.
Consequently, bcd-groups have regulating subgroups. The regulating sub-
groups are also the direct sums of the Butler complements as we will show
next. The following fundamental lemma is extracted from the proof of [5,
Theorem 4.1]. It says that in the completely decomposable subgroup A with
bounded quotient X/A, the summand Aτ may be replaced by a τ-Butler
complement Bτ to obtain a completely decomposable subgroup A′ with a
quotient X/A′ that is still bounded. By repeating the process a nite num-
ber of homogeneous summands may be replaced by corresponding Butler
complements. However, although the quotient X/A′ remains bounded, its
exponent may increase.
Lemma 3.2 (Substitution Lemma). Let X be a bcd-group with a com-
pletely decomposable subgroup A = Lρ∈TcrAAρ and a positive integer e
such that eX ⊆ A. Further, let τ be a critical type of X, Xτ = Bτ ⊕X]τ
a Butler decomposition, and eτ a positive integer such that eτX]τ ⊆ A]τ.
Then A′ = Bτ ⊕
L
ρ6=τ Aρ

is a completely decomposable subgroup of X
and eeτX ⊆ A′.
Proof. We show rst that A′ = Bτ +
L
ρ6=τ Aρ

is in fact a direct sum
A′ = Bτ ⊕
L
ρ6=τ Aρ

. We have
Bτ ∩
 M
ρ6=τ
Aρ
!
⊆ Xτ ∩
 M
ρ6=τ
Aρ
!
= A]τ:
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Hence
Bτ ∩
 M
ρ6=τ
Aρ
!
⊆ Bτ ∩A]τ ⊆ Bτ ∩X]τ = 0:
We claim that eeτX ⊆ A′. In fact, eτAτ ⊆ eτXτ = eτBτ ⊕ X]τ ⊆
Bτ ⊕A]τ = Bτ ⊕A∗τ ⊂ A′. Now eeτX ⊆ eτA ⊆ eτAτ +
P
ρ6=τ Aρ ⊆
A′.
We can now establish the main properties of regulating subgroups in
bcd-groups.
Proposition 3.1. Let X be a bcd-group and B a regulating subgroup of X,
i.e., B = Pρ∈TcrX Bρ where Xτ = Bτ ⊕X]τ is a Butler decomposition
for each τ ∈ TcrX. Then the following hold.
1. B =Lρ∈TcrX Bρ is a direct sum and completely decomposable;
2. for every τ ∈ TstX, B ∩Xτ = Bτ;
3. every two regulating subgroups of X are isomorphic, and if A is a
completely decomposable subgroup of X with bounded quotient X/A, then A
is isomorphic with every regulating subgroup;
4. the regulating subgroups of X are exactly the groups of the formM
ρ∈TcrX
Bρ1+φρ with φτ ∈ HomBτ;X]τy
5. the regulating subgroups together generate the 6regulator R6X =P
ρ∈TcrXXρ of X, and X/R6X is bounded.
Proof. Since X is a bcd-group, there exists a completely decomposable
subgroup A ⊆ X such that the quotient X/A is bounded, so TstA =
TstX and TcrX = TcrA. Let A =
L
ρ∈TcrXAρ be a direct decompo-
sition of A into τ-homogeneous completely decomposable groups Aτ. We
have to show that B = Pρ∈TcrX Bρ is in fact a direct sum. Since unique
representations of elements involve only nitely many summands it follows
from the Substitution Lemma (Lemma 3.2) that B is the direct sum of its
homogeneous components. Thus Property 1 holds.
To show Property 2 let x ∈ B ∩ Xτ. Then x ∈ Bτ1 ⊕ · · · ⊕ Bτn for a
nite set of critical types τ1; : : : ; τn. By the Substitution Lemma there is no
loss of generality in assuming that Aτi = Bτi for i = 1; : : : ; n. Then
x ∈ A ∩Xτ ∩ (Bτ1 ⊕ · · · ⊕ Bτn = Aτ ∩ (Bτ1 ⊕ · · · ⊕ Bτn
= (Bτ1 ⊕ · · · ⊕ Bτn τ ⊆ Bτ:
To show Property 3 we use that
Aτ ∼=
Xτ
X]τ
∼= Aτ
A]τ
and thus all regulating subgroups must be isomorphic to A.
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For Property 4 we recall the fact that the set of complements of X]τ
in Xτ is given by Bτ1+φτ, τ ∈ HomBτ;X]τ and then 4 holds.
Property 5 follows as in the nite rank case. Note that A ⊆ R6X.
In showing the existence of co-Butler decompositions we will use two
lemmas from [4]. The rst says that certain maps lift.
Lemma 3.3 [4, Lemma 2.5.6]. Let A and B be torsion-free groups of
arbitrary rank. Let e be a positive integer and let − x A → A/eA = A and
− x B → B/eB = B be the natural epimorphisms. Suppose that for some
type τ, the group A is τ-homogeneous and completely decomposable and B =
Bτ. Then the induced map
HomA;B → HomA;B
is surjective.
Proof. Since A is completely decomposable and τ-homogeneous, we
may and do assume without loss of generality that A is a rank-one group.
Then A is a cyclic group of order eτ where eτ is a factor of e. Note that
τ is not pdivisible for any prime divisor p of eτ. Let ψ ∈ HomA;B
be given. Then Aψ is a cyclic subgroup of B, say Aψ = b for b ∈ B.
Since tp A = τ ≤ tpBb, there is a ∈ A such that χAa ≤ χBb. We may
assume further that hgtAp a = 0 for every prime divisor p of eτ since 1ma ∈
A implies that χA
( 1
m
a
 ≤ χAa ≤ χBb. Then A = a and aψ = kb for
some integer k. Since χAa ≤ χBb ≤ χBkb, there is a homomorphism
φ x A→ B such that aφ = kb. Clearly φ induces ψ.
The second lemma concerns the torsion-freeness of a group of exten-
sions.
Lemma 3.4 [4, Lemma 7.2.3]. Let G and H be torsion-free groups. Then
ExtG;H is torsion-free if and only if for all n ∈  the natural homomor-
phism
HomG;H → Hom

G
nG
;
H
nH

is surjective.
This lemma is stated for nite rank groups in [4] but the proof is valid
for arbitrary groups.
Proof. The short exact sequence
H
n H H
nH
implies the exact sequence
HomG;H nHomG;H→ Hom

G;
H
nH

→ ExtG;H nExtG;H;
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where n stands for multiplication by n. The group ExtG;H is torsion-
free if and only if multiplication by n in ExtG;H is a monomorphism
and by exactness this is equivalent to HomG;H → HomG;H/nH ∼=
HomG/nG;H/nH being surjective.
We can now generalize a property of (nite rank) Butler groups to bcd-
groups. We mention that the following constitutes also a simplied proof
for (nite rank) almost completely decomposable groups.
Lemma 3.5. Let X be a bcd-group and τ ∈ TcrX. Then
Ext

X
X]τ ;
X]τ
Xτ

is torsion-free.
Proof. Let A be a completely decomposable group and e a positive
integer such that eX ⊆ A ⊆ X. Write A =Lρ∈TcrXAρ and further A =
A[ ⊕A]τ where A[ =Lρ<τ Aρ. Consider the short exact sequence
X
X]τ
e A+X
]τ
X]τ 
A+X]τ
eX +X]τ ; (1)
where the map e is multiplication by the integer e. From (1) we obtain the
exact sequence
Hom
A+X]τ
X]τ ;
X]τ
Xτ

Hom
 X
X]τ ;
X]τ
Xτ

e Ext
 A+X]τ
eX +X]τ ;
X]τ
Xτ

→ Ext
A+X]τ
X]τ ;
X]τ
Xτ

 Ext
 X
X]τ ;
X]τ
Xτ

: (2)
The group
A+X]τ
eX +X]τ
is e-bounded, hence so is
Ext

A+X]τ
eX +X]τ ;
X]τ
Xτ

:
We have
A+X]τ
X]τ
∼= A
A ∩X]τ =
A
A]τ
∼= A[:
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But A[ is a direct sum of rank-one groups having types < τ. So A[ ∼=L
i∈I σi where the σi are rational groups of type σi < τ. On the other
hand, X]τ/Xτ is τ-homogeneous completely decomposable. Thus
Ext

A+X]τ
X]τ ;
X]τ
Xτ

∼= Ext

A[;
X]τ
Xτ

∼=Y
i∈I
Ext

σi;
X]τ
Xτ

;
and the last group is torsion-free by Lemma 3.3 and Lemma 3.4.
Since Ext
(
A+X]τ/eX +X]τ;X]τ/Xτ is bounded, we conclude
from (2) that
Ext

A+X]τ
X]τ ;
X]τ
Xτ

∼= Ext

X
X]τ ;
X]τ
Xτ

and so the last group is also torsion-free.
We can now prove the existence of co-Butler decompositions for bcd-
groups.
Theorem 3.1. Let X be a bcd-group and τ ∈ TcrX. Then ev-
ery mapping φ ∈ Hom (X]τ/Xτ;X]τ/Xτ extends to a map
ψ ∈ Hom (X/Xτ;X]τ/Xτ. In particular, there is a co-Butler de-
composition
X
Xτ =
X]τ
Xτ ⊕
Hτ
Xτ ;
for a suitable subgroup Hτ of X.
Proof. The short exact sequence
X]τ
Xτ
α X
Xτ
β X
X]τ
implies the exact sequence
Hom

X
X]τ ;
X]τ
Xτ

β∗ Hom

X
Xτ ;
X]τ
Xτ

α∗→ Hom

X]τ
Xτ ;
X]τ
Xτ

→ Ext

X
X]τ ;
X]τ
Xτ

:
LetA =Lρ∈TcrAAρ be a completely decomposable subgroup of X such
that eX ⊆ A for a positive integer e. We will show next that the quotient
Hom
X]τ
Xτ ;
X]τ
Xτ

Hom
 X
Xτ ;
X]τ
Xτ

α∗
(3)
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is bounded by e. This then implies that Hom
(
X]τ/Xτ;X]τ/Xτ is
mapped into the torsion subgroup of Ext
(
X/X]τ;X]τ/Xτ which is
trivial by Lemma 3.5. Consequently, α∗ is surjective and the rst claim is
established.
The verication of (3) is performed by utilizing the corresponding result
for completely decomposable groups. We have the following commutative
diagram with exact rows in which the down arrows stand for the maps
mapping an element a to the coset represented by a and these maps are
all isomorphisms.
Aτ 
L
ρ≤τ Aρ 
L
ρ<τ Aρ
↓ ↓ ↓
Aτ +Xτ
Xτ 
A+Xτ
Xτ 
A+Xτ
Aτ +Xτ
(4)
The top row of (4) is split exactly and therefore so is the bottom row.
The connection between the completely decomposable case and the general
case is displayed by the following commutative diagram in which the down-
arrows are inclusion maps and the up arrows are multiplication by e.
Aτ +Xτ
Xτ 
A+Xτ
Xτ
↓↑ e ↓↑ e
X]τ
Xτ 
X
Xτ
(5)
From (5) we obtain a commutative diagram of groups of homomorphisms.
Hom

A+Xτ
Xτ ;
X]τ
Xτ

 Hom

Aτ +Xτ
Xτ ;
X]τ
Xτ

↑↓ e ↑↓ e
Hom

X
Xτ ;
X]τ
Xτ

→ Hom

X]τ
Xτ ;
X]τ
Xτ
 (6)
In this diagram the maps labeled e are multiplication by e, and all other
maps are restriction maps. The top horizontal map is surjective because of
the splitting in (4). Now let φ ∈ Hom (X]τ/Xτ;X]τ/Xτ. There is
ψ ∈ Hom (A+Xτ/Xτ;X]τ/Xτ that maps to the restriction of φ
to (Aτ +Xτ/Xτ. Then eψ ∈ Hom
(
X/Xτ;X]τ/Xτ restricts to
eφ. This shows that (3) is bounded by e and proves the rst part of the
theorem.
By the above result the identity mapping X]τ/Xτ → X]τ/Xτ lifts
to a homomorphism X/Xτ → X]τ/Xτ whose kernel is a complemen-
tary summand for X]τ/Xτ.
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4. DIRECT SUMMANDS OF BCD-GROUPS
In this section we study the obviously important question of whether di-
rect summands of bcd-groups are again bcd-groups. We also nd criteria
for the existence of completely decomposable direct summands. Further-
more, we derive a criterion for determining when certain bcd-groups are
completely decomposable.
We begin by looking at X/A.
Lemma 4.1. Let X be a torsion-free group that has Butler decompositions
and completely decomposable regulating subgroups. Suppose that there exist
positive integers eτ such that eτX]τ ⊆ X∗τ for each τ ∈ TstX and
that TstX satises the maximum condition. Then for any regulating sub-
group A of X the quotient X/A is torsion. More precisely, if x ∈ X, then
there exist integers nxσ , σ ∈ TstX, almost all of which are zero, such thatQ
σ∈TstX e
nxσ
σ

x ∈ A.
Proof. Let A be a regulating subgroup of X, x ∈ X, and τ be the type
of x. If τ is maximal in TstX, then x ∈ Xτ = Aτ, hence x ∈ A, and we
set nxσ = 0 for all σ ∈ TstX. The claims are true in this case.
Now let τ = tpx be nonmaximal and assume that for all y ∈ X with
tpXy > τ there exist integers nyσ , almost all of which are zero, such thatQ
σ∈TstX en
y
σ
σ

y ∈ A. Thus we may assume that for any element y ∈ X∗τ
there are integers nyσ such that
Q
σ∈TstX en
y
σ
σ

y ∈ A. Since Xτ = Aτ ⊕
X]τ we may write x in the form x = aτ + x]τ, where aτ ∈ Aτ and x]τ ∈
X]τ. Therefore eτx = eτaτ + eτx]τ, where y x= eτx]τ ∈ X∗τ. By induc-
tion hypothesis there exist integers nyσ such that
Q
σ∈TstX en
y
σ
σ

eτx]τ ∈ A.
Thus

eτ
Q
σ∈TstX en
y
σ
σ

x ∈ A. Since TstX satises the maximum condi-
tion, these two steps establish the claim for all elements of X.
Lemma 4.1 can be improved if the typeset is restricted more. The depth
dpτ of an element τ in a partially ordered set T is one less than the
cardinality of the longest ascending chain in T beginning with τ if there are
longest chains of this kind, otherwise dpτ = ∞. Thus τ ∈ T is maximal if
and only if dpτ = 0.
For any torsion-free group G and g ∈ G we set dpg = dptpGg
where the depth of tpGg is computed in the typeset TstG.
Lemma 4.2. Let X be a torsion-free group with completely decompos-
able regulating subgroups and e-bounded quotients X]τ/X∗τ for each
τ ∈ TstX. Assume that for each x ∈ X the depth dpx = dptpXx
is nite in TstX. Then for any regulating subgroup A of X and any x ∈ X,
edpxx ∈ A.
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Proof. Recall that eX]τ ⊆ X∗τ for any type τ. We induct on dpx.
If dpx = 0, then tpXx is maximal and x = edpxx ∈ Xτ = Aτ ⊆ A.
Now let x ∈ X with dpx > 0 and assume by induction that edpyy ∈ A
for each y with dpy < dpx. Since Xτ = Aτ ⊕X]τ we may write x
in the form x = a + y, where a ∈ Aτ and y ∈ X]τ. Then ey ∈ X∗τ,
so ey = y1 + · · · + yn where tpXyi > τ. Therefore dpyi < dpx, and by
induction hypothesis edpxx = edpxa+ edpx−1y1 + · · · + yn ∈ A.
We can now prove that direct summands of certain bcd-groups are again
bcd-groups. The question of whether direct summands of arbitrary bcd-
groups are again bcd-groups remains unresolved.
Proposition 4.1. Let X be a bcd-group such that X/A is bounded for
every regulating subgroup A of X. Then every direct summand of X is a
bcd-group with bounded regulating quotients.
Proof. Let X = X1 ⊕X2. By Lemma 3.1 and Lemma 2.5.2 the groups
X1 and X2 have Butler decompositions. Let A1 and A2 be regulating sub-
groups of X1 and X2 respectively. Then A1 ⊕A2 is a regulating subgroup
of X, hence X/A1⊕A2 is bounded by assumption. Therefore X1/A1 and
X2/A2 also are bounded. Since A1 and A2 are completely decomposable
by Lemma 3.1, it follows that X1 and X2 are bcd-groups.
Corollary 4.1. Let X be an e-bcd-group such that dpx x x ∈ X is
bounded by some positive integer m. Then emX/A = 0 for every regulating
subgroup A of X and every direct summand of X is an em-bcd-group.
Proof. By Lemma 4.2 X/A is bounded for any regulating subgroup A
of X. Let Y be a direct summand of X. Proposition 4.1 and Lemma 4.2
show that Y is an em-bcd-group.
Lemma 4.3. Let X be a bcd-group and assume that X = Y ⊕ Z such
that TcrY  is nite and TstY  satises the maximum condition. Then Z is
a bcd-group and Y is a bcd-group with bounded regulating quotients.
Proof. The direct summands Y and Z have Butler decompositions by
Lemma 2.5. Choose regulating subgroups BY of Y and BZ of Z. Then B =
BY ⊕ BZ is a regulating subgroup of X. By Proposition 3.1 B is completely
decomposable and hence so are BY and BZ . We want to nd a completely
decomposable subgroup A = BY ⊕A′ of X such that eX ⊆ A for some
positive integer e. To nd it choose homogeneous decompositions
BY =
M
ρ∈TcrY 
BY ρ; BZ =
 M
ρ∈TcrY 
BZρ
!
⊕
 M
ρ∈TcrZ\TcrY 
BZρ
!
:
By the Substitution Lemma there is a completely decomposable subgroup
A = Lρ∈TcrAAρ of X such that Aρ = BY ρ ⊕ BZρ for ρ ∈ TcrY 
bounded extensions of bcd groups 219
and eX ⊆ A for some positive integer e. Clearly we have A = BY ⊕A′
for some completely decomposable group A′. By Lemma 2.7 and the dis-
tributivity of the type subgroup operators over direct sums it follows that
expY]τ/Y ∗τ is a (nite) factor of e. Now Lemma 4.1 applies to give
that Y/BY is torsion and Y = BY X∗ . It follows that U x= Y ⊕A′ is indeed
a direct sum. Intersecting X = Y ⊕Z with U we obtain U = Y ⊕ U ∩Z
where U ∩Z ∼= U/Y ∼= A′ is completely decomposable. Furthermore, the e-
bounded group X/A maps homomorphically onto X/U ∼= Z/U ∩Z. This
shows that Z is an e-bcd-group. Finally, it is easily seen that Y ∩A′ = 0
and so
Y
BY
= Y
BY ⊕ Y ∩A′
= Y
A ∩ Y =
Y +A
A
is e-bounded.
Corollary 4.2. Let X be a bcd-group and suppose that X = Y ⊕ Z.
1. If Y is completely decomposable and TcrY  is nite, then Z is a
bcd-group.
2. If Y has nite rank and TstY  satises the maximum condition,
then Z and Y are bcd-groups.
Proof. (1) Here TstY  is nite and Lemma 4.3 applies.
(2) Let BY be a regulating subgroup of Y . Then TcrY  ≤ rkBY ≤
rkY is nite and again Lemma 4.3 applies.
We will next look for completely decomposable direct summands of bcd-
groups.
Lemma 4.4. Let X be a bcd-group, τ a critical type of X, and B a τ-
homogeneous subgroup of X. Then B is a summand of X if and only if B is
a summand of X]τ.
Proof. Suppose rst that B is a direct summand of X. Then B ⊆ Xτ ⊆
X]τ and hence B is a direct summand of X]τ.
Now assume that
X]τ = B ⊕ Y: (7)
We can conclude immediately (Lemma 2.1) that X]ττ = Y τ. Further-
more, X]ττ = Xτ since both groups are the purication of the groupL
ρ6≤τ Aρ where A =
L
ρ∈TcrAAρ is a completely decomposable subgroup
of X such that X/A is bounded. We thus have
Xτ = Y τ ⊆ Y:
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By the co-Butler decomposition Theorem 3.1 we also have
X
Xτ =
X]τ
Xτ ⊕
Hτ
Xτ : (8)
Substituting (7) in (8) we obtain
X
Xτ =
B⊕ Y
Xτ ⊕
Hτ
Xτ :
It follows at once that X = B+ Y +Hτ. We claim that the sum is direct.
In fact, suppose that x = y + z ∈ B ∩ Y +Hτ, where y ∈ Y and z ∈ Hτ.
Then x − y = z ∈ B ⊕ Y  ∩Hτ = Xτ = Y τ ⊆ Y . Hence x = y + z ∈
B ∩ Y = 0.
Corollary 4.3. Let X be a bcd -group such that X]τ = Xτ +Xτ
for all τ ∈ TcrX. If B =
L
ρ∈TcrB Bρ is a regulating subgroup of X and
I ⊆ TcrB is nite, then
L
ρ∈I Bρ is a direct summand of X. In particular,
every regulating subgroup B of X is pure in X.
Proof. (1) Suppose that X]τ = Xτ +Xτ for τ ∈ TcrX and that
Bτ is a τ-Butler complement of X. We claim that Bτ is a direct summand
of X.
We have by assumption that
X]τ = Xτ +Xτ = (Bτ ⊕X]τ+Xτ = Bτ ⊕Xτ:
Hence Bτ is a τ-homogeneous direct summand of X]τ and by Lemma 4.4
we obtain that X = Bτ ⊕ Y for some Y .
(2) Now suppose that X]τ = Xτ +Xτ and that Bτ is a τ-Butler
complement of X for every τ ∈ TcrX. Let I ⊆ TcrB be nite. We induct
on the cardinality of I. If I = τ0, then we have by Part 1 that
X = Bτ0 ⊕ Yτ0 (9)
for some Yτ0 and Corollary 4.2 shows that Yτ0 is again a bcd-group. For
arbitrary I choose a minimal element τ0 ∈ I and let I0 = I\τ0 and use
a decomposition (9). We will show that Y]τ0τ = Yτ0τ + Yτ0τ for all
τ ∈ TcrYτ0 and that the Bτ, τ ∈ I0, are τ-Butler complements of Yτ0 .
Then the induction hypothesis implies that
L
τ∈I0 Bτ is a direct summand
of Yτ0 since I0 < I and hence
L
τ∈I Bτ is a direct summand of X.
Note that τ 6≤ τ0 for all τ ∈ I0, hence
∀τ ∈ I0; Xτ = Yτ0τ
follows immediately. Thus I0 ⊆ TcrYτ0 and Yτ0τ = Bτ ⊕ Y]τ0τ for any
τ ∈ I0. By additivity of the type subgroup operators we have X]τ =
B]τ0τ ⊕ Y]τ0τ, Xτ = Bτ0τ ⊕ Yτ0τ, and Xτ = Bτ0τ ⊕ Yτ0τ for
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all τ ∈ TcrX. Note that for any type τ we have that Bτ0τ, B]τ0τ, and
Bτ0τ are trivial or equal to Bτ0 by Lemma 2.3. Thus we get
B]τ0τ ⊕ Y]τ0τ = X]τ = Xτ +Xτ
= Bτ0τ ⊕ Yτ0τ + Bτ0τ ⊕ Yτ0τ
for any type τ ∈ TcrX. More precisely, we have
Y]τ0τ = Yτ0τ + Yτ0τ if τ > τ0
Bτ0 ⊕ Y]τ0τ = Bτ0 ⊕ Yτ0τ + Yτ0τ if τ = τ0
Bτ0 ⊕ Y]τ0τ = Bτ0 ⊕ Yτ0τ + Bτ0 ⊕ Yτ0τ if τ < τ0
Bτ0 ⊕ Y]τ0τ = Yτ0τ + Bτ0 ⊕ Yτ0τ if τ and τ0 are incomparable:
Using that Yτ0τ +Yτ0τ, is always contained in Y]τ0τ, the above iden-
tities imply that Y]τ0τ ⊆ Yτ0τ + Yτ0τ also for all τ ∈ TcrYτ0. For ex-
ample, in case τ = τ0, let x ∈ Y]τ0τ. Then x = b+ y1 + y2 where b ∈ Bτ0 ,
y1 ∈ Yτ0τ, and y2 ∈ Yτ0τ. Then b ∈ Y]τ0τ ∩ Bτ0 ⊆ Y ∩ Bτ0 = 0 and
x = y1 + y2 ∈ Yτ0τ + Yτ0τ.
Let B = Lρ∈TcrX Bρ be a regulating subgroup of X and x ∈ X. As-
sume that nx ∈ B for some positive integer n. Then nx can be written
in the form
P
ρ∈I bτ for some nite subset I ⊆ TcrB and elements 0 6=
bτ ∈ Bτ. By the above group
L
ρ∈I Bρ is a direct summand of X, hence
is pure in X and we conclude x ∈ Lρ∈I Bρ ⊆ B. Therefore B is pure
in X.
There is another situation that implies the existence of completely de-
composable direct summands of a bcd-group.
Lemma 4.5. Suppose that the group X has a τ-Butler decomposition
Xτ = Aτ ⊕X]τ and that
X
X]τ =
Xτ
X]τ ⊕
Y
X]τ
for some subgroup Y of X. Then X = Aτ ⊕ Y .
Proof. By hypothesis X = Xτ + Y = Aτ +X]τ + Y = Aτ + Y and
Aτ ∩ Y ⊆ Xτ ∩ Y = X]τ, hence Aτ ∩ Y ⊆ Aτ ∩X]τ = 0.
As in the nite rank case (see [6, Proposition 3.4]) we have the following
result.
Proposition 4.2. Let X be a bcd-group. Suppose that τ is a critical type
of X that is comparable with every other critical type and let Aτ be a τ-Butler
complement of X. Then Aτ is a direct summand of X. In particular, if X has
a unique maximal critical type τ, then Aτ is a direct summand of X.
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Proof. The critical typeset of X/X]τ is ρ ∈ TcrX x ρ 6> τ. The
hypothesis on τ implies that TcrX/X]τ has the unique maximal type τ.
Hence X/X]ττ = 0 and Theorem 3.1 says that
X
X]τ =
Xτ
X]τ ⊕
Y
X]τ :
By Lemma 4.5 we have X = Xτ ∩Aτ ⊕ Y = Aτ ⊕ Y .
We nally turn to the question of which bcd-groups are necessarily com-
pletely decomposable. The following corollary extends a criterion by Arnold
and Vinsonhaler for determining when an acd-group is completely decom-
posable. Recall that a torsion-free group G is torsionless if G∗τ is pure in
G for every type τ.
Proposition 4.3. Let X be a bcd -group such that TstX satises the
maximum condition. Then the following statements are equivalent.
1. X is completely decomposable,
2. X]τ = Xτ +Xτ for all τ ∈ TcrX,
3. X is torsionless.
Proof. If X is completely decomposable, then X is torsionless and
X]τ = Xτ +Xτ for all τ ∈ TcrX.
Assume rst that X]τ = Xτ +Xτ for all τ ∈ TcrX. Then any reg-
ulating subgroup B of X is pure in X by Corollary 4.3 and hence X/B is
torsion-free. But TstX satises the maximum condition, hence the quo-
tient X/B is also torsion by Lemma 4.1. Therefore X = B is completely
decomposable.
Assume second that X is torsionless. Being a bcd-group, X has com-
pletely decomposable regulating subgroups. Since X is torsionless, eτ =
expX]τ/X∗τ = 1 for all τ ∈ TstX. Hence X = A for any regulating
subgroup A of X by Lemma 4.1.
The results obtained in this section compose what is needed in the fol-
lowing. We pose the general question that is left unresolved.
Question 1. Is a direct summand of a bcd-group again a bcd-group?
Another interesting question is the following.
Question 2. Which bcd-groups contain completely decomposable sub-
groups that are maximal with this property (that is, are tight subgroups)?
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5. REGULATING QUOTIENTS
In this section we show that regulating subgroups of the same bcd-group
X may have very different quotients if TstX is not special. Regulating
quotients may even be torsion-free as will be seen in Section 6. The exam-
ples here are direct sums of almost completely decomposable groups.
The rst example is an almost completely decomposable group that is
the basis of the later examples.
Example 5.1. Let m > 1 and n ≥ 1 be natural numbers. Moreover,
let T = τ1; · · · ; τn, σ1; · · · ; σn be a set of rational groups whose order
relations as types are as shown, and such that 1
p
6∈ τi; σi for all prime
divisors p of m and all i, 1 ≤ i ≤ n. Further assume that τi ⊆ τi+1, σi ⊆
σi+1, σi ⊆ τi+1, and τi ⊆ σi+1 for all 1 ≤ i ≤ n − 1. Then there exists an
acd-group X of rank 2n such that
1. TcrX = T ;
2. X has a regulating subgroup B of exponent m;
3. X has a regulating subgroup B of exponent mn.
Proof. For any 1 ≤ i ≤ n we let Xi x= τixi ⊕ σiyi + 1mxi + yi for
some elements xi; yi. Then Xi is an m-acd-group of rank 2. Moreover,
Ai x= τixi ⊕ σiyi is a regulating subgroup of Xi with expXi/Ai = m. Let
X x= L1≤i≤n Xi and A x= L1≤i≤n Ai. Then X is a m-acd-group of rank
2n and A ∈ ReggX such that expX/A = m. Hence TcrX = T and
Properties 1 and 2 hold. It remains to construct a regulating subgroup B
of X of exponent mn. If n = 1 then we are already done. Hence let n > 1
and for 1 ≤ i < n we obtain welldened monomorphisms
ρi x τixi −→ X]τi x xiρi =
1
m
xi+1 + yi+1:
Then
B =
n−1M
i=1
τixi1+ ρi ⊕
n−1M
i=1
σiyi ⊕ τnxn ⊕ σnyn
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is a new regulating subgroup of X. To show that expX/B = mn we con-
sider the elements 1
m
xj + yj ∈ X and prove that ord 1mxj + yj + B =
mn−j+1 for 1 ≤ j ≤ n. We induct on n − j. If n − j = 0, then n = j and
ord 1
m
xn + yn + B = ord 1mxn + yn +An = m = mn−n+1. Now assume
that j < n and that ord 1
m
xn−j−1 + yn−j−1 + B = mn−j . Then
m
1
m
xj + yj = xj + yj = xj +
1
m
xj+1 + yj+1 −
1
m
xj+1 + yj+1 + yj
= xj1+ ρj −
1
m
xj+1 + yj+1 + yj;
and by denition of B
m

1
m
xj + yj + B

= − 1
m
xj+1 + yj+1 + B:
We conclude that ord 1
m
xj + yj = mn−j+1.
Example 5.2. Let 1 6= m ∈ . Then there exists an m-bcd-group X ∈
⊕ACD such that
1. TcrX does not contain any innite ascending chain;
2. for each s ∈  there exists a regulating subgroup A ⊆ X such that
expX/A = ms;
3. X has a regulating subgroup A such that X/A is torsion but un-
bounded.
Proof. We choose a family F x= Sn x n ∈  of typesets of the form
For each Sn there exists by Example 5.1 an m-acd-group Xn of rank 2n
that has a regulating subgroup An1 with expXn/An1 = m and a regulating
subgroup An2 with expXn/An2 = mn. Let X x=
L
n∈Xn. Then X is an
m-bcd -group of countable rank with TcrX =
S
n∈ Sn, hence TcrX does
not contain any innite ascending chain. Moreover, Bn x=
L
1≤j≤n Aj2 ⊕L
j>n Aj1 is a regulating subgroup of X with expX/Bn = mn. Finally,
B∞ =
L
n∈An2 is a regulating subgroup of X such that X/B is torsion
but unbounded.
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Example 5.3. Let X be a bcd-group such that TcrX contains an in-
nite ascending chain. Then there exists a regulating subgroup A of X such
that X/A is not torsion.
Proof. Let B be any regulating subgroup of X and write B = B1 ⊕ B2
such that B1 = τ0v0 ⊕ · · · ⊕ τnvn ⊕ · · · where τ0 < τ1 < · · ·. By Example 6.1
there is a regulating subgroup A1 of B1 such that B1/A1 is torsion-free.
Now A = A1 ⊕ B2 is a regulating subgroup of X and the quotient X/A is
not torsion.
Example 5.4. Let 1 6= m ∈ . Then there exists an m-bcd-group X ∈
⊕ACD such that
1. X has a regulating subgroup A such that X/A is not torsion;
2. for each s ∈  there exists a regulating subgroup A ⊆ X such that
expX/A = ms;
3. X has a regulating subgroup A such that X/A is torsion but un-
bounded.
Proof. Let F x= Sn x n ∈  be a family of typesets of the form de-
picted.
By Example 5.1, for each Sn, there exists an m-acd-group Xi of rank
2n that has a regulating subgroup An1 of exponent m and a regulating
subgroup An2 of exponent mn. Let X x=
L
n∈Xi. Then X is an m-bcd-
group of countable rank with TcrX =
S
n∈ Sn and Properties 2 and 3 hold
by arguments identical to those in Example 5.1. Moreover, TcrX contains
an innite ascending chain and hence there exists a regulating subgroup B
of X such that X/B is not torsion by Example 5.3.
6. LINEARLY ORDERED TYPESETS
We rst show that a bcd-group X with linearly ordered typeset has pure
regulating subgroups and an abundance of completely decomposable di-
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rect summands. We will see later that such groups need not be completely
decomposable.
Proposition 6.1. Let X be a bcd-group with linearly ordered typeset. Then
any regulating subgroup of X is pure in X. If B =Lρ∈TcrX Bρ is a regulating
subgroup of X and I is a nite subset of TcrX, then
L
ρ∈I Bρ is a direct
summand of X.
Proof. If the typeset of X is linearly ordered, then X]τ = Xτ and
Xτ = X]τ, hence X]τ = Xτ +Xτ for all τ ∈ TcrX. Thus Corol-
lary 4.3 implies that any regulating subgroup of X is pure in X and thatL
ρ∈I Bρ is a direct summand of X.
Proposition 6.1 answers negatively a question of A. Elter [1, p. 54] who
wondered whether there existed indecomposable bcd-groups with linearly
ordered typesets.
In [5] an example of a completely decomposable group with linearly
ordered critical typeset was given that has properly contained regulating
subgroups. The example shows that regulating subgroups are not maximal
completely decomposable subgroups in a bcd-group of innite rank, in stark
contrast to the case of almost completely decomposable groups. We begin
by examining this example more closely.
Example 6.1. Let
A = τ0v0 ⊕ τ1v1 ⊕ · · · ⊕ τivi ⊕ · · ·
where the τi are rational groups such that τi ⊆ τi+1 but τi 6∼= τi+1. Then the
following hold.
1. The group
B = τ0v0 + v1 ⊕ τ1v1 + v2 ⊕ · · ·
is regulating in A and A/B ∼= Si∈ω τi.
2. For each natural number n there is a regulating subgroup Bn of A
such that rkA/Bn > n and
T
ReggA = 0.
3. There is a regulating subgroup B such that A/B is torsion-free of
innite rank.
Proof. (1) Obviously Aτi =
L
j≥i τjvj = τivi + vi+1 ⊕A]τi and
therefore B is regulating in A. Consider the map
6x A→ x
 X
i∈ω
tivi
!
6 =X
i∈ω
−1iti:
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Clearly A6 = Pi∈ω τi = Si∈ω τi. We will show that Ker6 = B. Since
vi + vi+16 = −1i + −1i+1 = 0, certainly B ⊆ Ker6. Conversely, letP
i∈ω tivi =
Pn
i=0 tivi ∈ Ker6. Then
t0 − t1 + · · · + −1ntn = 0: (10)
HenceX
i∈ω
tivi = t0v0 + t1v1 + · · · + tnvn
= t0v0 + v1 − t0 − t1v1 + · · · + tnvn
= t0v0 + v1 − t0 − t1v1 + v2 + t0 − t1 + t2v2 + · · · + tnvn
= t0v0 + v1 − t0 − t1v1 + v2 + t0 − t1 + t2v2 + v3
−t0 − t1 + t2 − t3v3 + · · · + tnvn
= · · ·
= −10t0v0 + v1 + −11t0 − t1v1 + v2
+−12t0 − t1 + t2v2 + v3
+ · · · + −1it0 − t1 + t2 − · · · + −1itivi + vi+1 + · · ·
+−1nt0 − t1 + · · · + −1ntnvn ∈ B
because of (10). It follows that A
B
∼= Si∈ω τi as claimed.
(2) Since B ∼= A we can nd a regulating subgroup B1 of B such
that B/B1 ∼=
S
i∈ω τi. By the transitivity of being regulating (Lemma 2.6)
B1 ∈ ReggA and rkA/B1 = 2. Continuing in this fashion we obtain
regulating subgroups Bn such that rkA/Bn = n+ 1.
It remains to show that the intersection of all regulating subgroups is
the zero subgroup. We will construct inductively a decreasing sequence of
regulating subgroups
B0 = A;B1 = B;B2; : : : such that τ0v0 ⊕ τ1v1 ⊕ · · · ⊕ τnvn ∩ Bn = 0:
Let, as above except for notation,
60 x A = B0 → x
 X
j∈ω
tjvj
!
60 =
X
j∈ω
−1jtj:
We have seen that B1 x= Ker60 = τ0v10 ⊕ τ1v11 ⊕ · · · where we set v1j =
vj + vj+1.
Iterating, we dene Bi+1 = Ker6i = τ0vi+1;0 ⊕ τ1vi+1;1 ⊕ · · · where
vi+1;j = vij + vi;j+1 and
6i x Bi → x
 X
j∈ω
tjvij
!
6i =
X
j∈ω
−1jtj:
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We have seen above that x =Pnj=0 sjvij ∈ Ker6i if and only if
x = −10s0vi+1;0 + −11s0 − s1vi+1;1
+−12s0 − s1 + s2vi+1;2 + · · ·
+−1is0 − s1 + s2 − · · · + −1nsnvi+1;n−1:
We show by induction on n that τ0v0 ⊕ · · · ⊕ τnvn ∩ Bn = 0. This is clear
if n = 0. By induction hypothesis assume that τ0v0 ⊕ · · · ⊕ τnvn ∩
Bn = 0 and suppose that x = s0v0 + · · · + sn+1vn+1 ∈ Bn+1. Then
x ∈ τ0v10 ⊕ · · · ⊕ τnv1n ∩ Bn = 0 by induction.
(3) Let
B = τ0v0 + v1 ⊕ τ1v1 + v2 + v3 ⊕ · · · ⊕ τivi + vi+1 + · · · + v2i+1 ⊕ · · · :
We wish to nd integers ui such that the mapping
6x A→ x
 X
i∈ω
tivi
!
6 =X
i∈ω
uiti
is nonzero but maps B to 0. For this to happen it is necessary and sufcient
that the equation
ui + ui+1 + · · · + u2i+1 = 0 (11)
holds. By induction it is immediate that (11) determines relationships
u2i+1 = xi0u0 + · · · + xi;2iu2i (12)
where the xij are certain integers. Conversely, for freely chosen u2j , the
identities (12) imply the identities (11). For j = 0; 1; : : : we make the
choices
u00 = 1; u02 = u04 = · · · = 0
u10 = 0; u12 = 1; u14 = u16 = · · · = 0
u
j
2j = 1; and uj2k = 0 otherwise;
while the uj2k+1 are determined by (12). With these choices we dene
6x A→ ω x
 X
i∈ω
tivi
!
6 =
"X
i≥0
u0i ti;
X
i≥2
u1i ti; : : : ;
X
i≥2j
u
j
i ti; : : :
#
:
It is clear by the denition of 6 that B6 = 0. Since the entries Pi≥2j uji ti
have different starting values, it can also be seen that A6 ⊃ τ0 ⊕ τ1 ⊕ · · ·
so that the quotient A/B must have innite rank.
We will now study an example of A. Elter [1] in detail. In particular, we
nd a regulating subgroup and determine the regulating quotient.
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Example 6.2. Let
A = τ0v0 ⊕ τ1v1 ⊕ · · · ⊕ τivi ⊕ · · ·
where the τi are rational groups such that τi ⊆ τi+1 but τi 6∼= τi+1. We also
assume that 1
p
6∈ τi for the prime p and all i. The example is
E = A+X
i∈ω

1
p
vi + vi+1 = A+
X
i∈ω

1
p
v0 + −1ivi+1:
The group E has the following properties.
1. E is not completely decomposable.
2. Eτi = Aτi +
P
j≥i 
1
p
vj + vj+1.
3. E]τi = Eτi+1.
4. Eτi = τi 1pvi + vi+1 ⊕ E]τi is a τi-Butler decomposition of E.
5. For the regulating subgroup
B = τ0
1
p
v0 + v1 ⊕ τ1
1
p
v1 + v2 ⊕ · · · ⊕ τj
1
p
vj + vj+1 ⊕ · · ·
we have E/B ∼= Si∈ω τi. Thus the regulating quotient E/B is a torsion-free
rank-one group of type
W
i∈ω τi.
6. The group E has a decomposition E = A0 ⊕ E′ such that A0 is a
completely decomposable group of countable rank and E′ is a bcd-group.
7. There is a strictly ascending sequence A0 ⊂ A1 ⊂ · · · of completely
decomposable direct summands of E such that Ai+1/Ai has countable rank.
Proof. The alternate description of E is justied by the identities
v0 + v1 − v1 + v2 + · · · + −1ivi + vi+1 = v0 + −1ivi+1
and
vi + vi+1 = −1i−1

v0 + −1i−1vi − v0 + −1ivi+1

:
1. The following noteworthy proof is due to A. Elter. Suppose
that X = Li∈ω Xi where rkXi = 1. There is a positive integer n such
that v0 ∈
L
i≤n Xi. Write X =
(L
i≤n Xi
 ⊕ Li>n Xi. Let pi x X →L
i≤n Xi be the projection along
L
i>n Xi. Then
1
p
v0 + −1ivi+1pi =
1
p
v0 + 1p−1ivi+1pi ∈
L
i≤n Xi. It follows that vi+1pi 6= 0 since other-
wise hgtXp v0 > 0, contrary to the assumption that 1/p 6∈ τ0. There is an
integer m such that tpvm > tpvi for i ≤ n. But vmpi ∈
L
i≤n Xi and
tpvmpi ≥ tpvm which is greater than the type of any element of
L
i≤n Xi.
This contradiction shows that X cannot be completely decomposable.
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Properties 2 and 3 are obtained by straightforward computation. For
Property 4 we note Aτi =
L
j≥i τjvj = τivi + vi+1 ⊕ A]τi and use
that τivi + vi+1 +  1pvi + vi+1 = τi 1pvi + vi+1 (Lemma 2.4).
For Property 5 we have
pB = τ0v0 + v1 ⊕ τ1v1 + v2 ⊕ · · · ⊆ A:
By Example 6.1 A/pB ∼= Si∈ω τi. The short exact sequence
B
pB
 E
pB
 E
B
splits since B/pB is bounded and E/B is torsion-free by Lemma 6.1.2.
Hence
E
pB
∼= B
pB
⊕ E
B
(13)
with E/B torsion-free, so that B/pB = torE/pB. The group A
pB
being
torsion-free, we have A
pB
∼= A/pB⊕torE/pBtorE/pB ≤ E/pBtorE/pB , and p E/pBtorE/pB ≤
A/pB⊕torE/pB
torE/pB . It follows for these torsion-free rank-one groups that
E
B
∼=
E
pB
.
tor

E
pB
 ∼= ApB .
For Property 6, the decomposition of A can be changed to
A = τ0v0 + v1 ⊕ τ1v1 ⊕ τ2v2 + v3 ⊕ τ3v3
⊕ · · · ⊕ τ2iv2i + v2i+1 ⊕ τ2i+1v2i+1 ⊕ · · · :
Note that τ0v0 + v1 +  1pv0 + v1 = τ0 1pv0 + v1 (Lemma 2.4) and in
general τ2iv2i + v2i+1 +  1pv2i + v2i+1 = τ2i 1pv2i + v2i+1. We now have
the larger completely decomposable subgroup
A′ = τ0
1
p
v0 + v1 ⊕ τ1v1 ⊕ τ2
1
p
v2 + v3 ⊕ τ3v3
⊕ · · · ⊕ τ2i
1
p
v2i + v2i+1 ⊕ τ2i+1v2i+1 ⊕ · · · :
Observe that
1
p
v2i+1 + v2i+2 +A′ =
1
p
v2i+1 + v2i+2 + v2i+3 − v2i+3 +A′
= 1
p
v2i+1 − v2i+3 +A′:
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It is now easily veried that
E =

τ0
1
p
v0 + v1 ⊕ τ2
1
p
v2 + v3 ⊕ · · · ⊕ τ2i
1
p
v2i + v2i+1 ⊕ · · ·

⊕

τ1v1 ⊕ τ3v3 ⊕ · · · + 
1
p
v1 − v3 + 
1
p
v3 − v4 + · · ·

:
For Property 7, iterate the process in Property 6.
In some cases linearly ordered typesets mean completely decomposable
groups.
Proposition 6.2. Let X be a bcd-group and TstX linearly ordered. If
there exists a type τ∗ such that S x= τ ∈ TstX x τ < τ∗ is an inversely
wellordered chain, then there exists a decomposition X = X1 ⊕ X2, where
X1 is completely decomposable of rank at least S. More precisely, if Xτ =
Xτ ⊕X]τ is a Butler decomposition of X for each τ ∈ TstX, then X =L
ρ∈S Xρ

⊕Xτ∗.
Proof. Since X is a bcd-group there exists a Butler decomposition
Xτ = Xτ ⊕X]τ for each τ ∈ TstX. Moreover, TstX = TcrX. By
hypothesis there is an ordinal λ such that S = τα x α ∈ λ and τα ≤ τβ if
and only if β ≤ α. Then we obtain a chain
X]τ0 = Xτ∗ ⊆ X]τ1 = Xτ0 = Xτ0 ⊕Xτ∗
⊆ X]τ2 = Xτ1 = Xτ1 ⊕X]τ1 = Xτ1 ⊕Xτ0 ⊕Xτ∗ ⊆ · · · :
In general, Xτα = Xτα ⊕X]τα = Xτα ⊕
S
β<α Xτβ. We will show that
X = Y where Y x= Lα∈λ Xτα ⊕Xτ∗. Clearly it is enough to show that
for all types τ we have Xτ ⊆ Y . If τ 6∈ S, then Xτ ⊆ Xτ∗ ⊆ Y .
Therefore let us assume that Xδ ⊆ Y for all δ < τ and τ = τα for some
α ∈ λ. If α = β+ 1 is a successor ordinal, then
Xτ = Xτ ⊕X]τ = Xτ ⊕Xτβ ⊆ Y
by induction hypothesis. If α is a limit ordinal then
Xτ = Xτ ⊕X]τ = Xτ ⊕
[
β<α
Xτβ ⊆ Y:
Since TstX = TcrX, the rank of X1 =
L
α∈λ Xτα is
P
α∈λ rkXτα and
the proof is complete.
Corollary 6.1. [1]. If TstX is an inversely wellordered chain, then X
is completely decomposable.
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As we have seen, regulating subgroups of bcd-groups are not large as
they are in acd-groups. Yet regulating subgroups should play a distinguished
role in some natural way. In a special case we can show that a regulating
subgroup B of a bcd-group X is a basic subgroup with respect to the
linear topology given by the neighborhood basis (of 0) Xτ x τ ∈ TstX
in the sense that
1. B is topologically dense in X; equivalently, B +Xτ = X for all
τ ∈ TstX.
2. The topology of B given by Bτ x τ ∈ TstB is the topology
induced by the topology of X; equivalently, for each τ ∈ TstX there is
σ ∈ TstX = TstB such that B ∩Xσ ⊆ Bτ.
3. B is completely decomposable.
For basics on linear topologies we refer the reader to [3]. We omit the
routine proofs since the results are limited and tentative.
Proposition 6.3. Let X be a bcd-group whose critical typeset is order-
isomorphic with ω. Then X is a topological group with Xτ x τ ∈ TcrX =
TstX as a neighborhood basis at 0.
1. Every regulating subgroup B of X is dense in X and completely de-
composable, and B ∩Xτ = Bτ for each τ ∈ TstX = TstB.
2. Conversely, if C is a dense completely decomposable subgroup of X
such that TstC = TstX and C ∩Xτ = Cτ for every τ ∈ TstX, then
C is regulating in X.
In general it cannot be expected that regulating subgroups will be dense
in the topology given by the neighborhood basis Xρ x ρ ∈ TstX. In
fact, if B = Lρ∈TcrB Bρ is a regulating subgroup of X and B + Xτ =
X, then
L
ρ6>τ Bρ

⊕ X]τ = X, and if τ is maximal, then X = B is
completely decomposable.
A topological characterization is possible in a less canonical way for bcd-
groups with linearly ordered typeset in general. Recall that every Butler-
complement in such a group is a direct summand (Proposition 6.1).
Denition 6.1. Let X be a bcd-group with linearly ordered typeset.
Let U the family of nite intersections of groups U such that X = Bτ ⊕U
for some Butler complement Bτ. Let XU be the group X with the linear
topology having U as a neighborhood basis at 0.
Proposition 6.4. Let X be a bcd-group with linearly ordered typeset.
The topological group XU is Hausdorff, every regulating subgroup B of X
is dense in XU, and for each type τ ∈ TstX the maximality condition
Xτ = Bτ +X]τ holds.
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Conversely, if B is a completely decomposable subgroup of X such that
Xτ = Bτ +X]τ for each τ ∈ TstX, then B is a regulating subgroup
of X.
Proof. Let A be a completely decomposable group such that eX ≤ A ≤
X. We show rst that XU is a Hausdorff group. Suppose that x ∈ X and
tpXx = τ. Then x ∈ Xτ = Bτ ⊕X]τ and x = b+ y for some b ∈ Bτ
and y ∈ X]τ. Also, X = Bτ ⊕ U for some U ∈ U. If b 6= 0, then x 6∈ U
and hence x 6∈ TU which is what is needed. However, b = 0 is impossible.
In fact, if b = 0, then ex ∈ A]τ and ex = aτ1 + · · ·+ aτn for some aτi ∈ Aτi
and without loss of generality we assume that τ < τ1 < τ2 < · · · < τn. Then
τ = tpXx = tpXex = tpAex = τ1 > τ, a contradiction.
Next we show that the arbitrary regulating subgroup B =Lρ∈TcrX Bρ is
dense in XU. Let Hτ1 ∩ · · · ∩Hτn ∈ U where X = Bτi ⊕Hτi and without
loss of generality τ1 < · · · < τn. Then Hτ1 ⊃ X]τ1 ⊃ X]τ2 ⊃ Bτ2 and
X = Bτ1 ⊕ Hτ1 = Bτ2 ⊕ Hτ2 . Therefore Hτ1 = Bτ2 ⊕ Hτ1 ∩ Hτ2 and, by
substitution, X = Bτ1 ⊕ Bτ2 ⊕Hτ1 ∩Hτ2 . By induction on n we nd that
X = Bτ1 ⊕ · · · ⊕ Bτn ⊕Hτ1 ∩ · · · ∩Hτn which shows that B is dense in X.
The maximality condition follows, since Xτ = Bτ ⊕ X]τ = Bτ +
X]τ.
Conversely, assume that B =Lρ∈TcrX Bρ is a completely decomposable
subgroup of X such that Xτ = Bτ + X]τ. It follows at once that
Xτ = Bτ ⊕ B]τ +X]τ = Bτ ⊕X]τ.
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